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Quadratic Kinetic Equations Are Linear in the
Tensor Product Space
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It is shown that quadratic kinetic equations are linear in the tensor product space.

The technique presented below and applied to the Boltzmann equation
renders quadratic operators linear and can be directly applied to equations
having polynomial-type nonlinearities and describing the evotution of
probability density functions or distributions.

The Boltzmann equation [adapted from Lebowitz (1987) can be
written as

a/atf(ta xa vl)+v1 ) fo(t’ xa Dl)+1/m F(x) ’ Vuf(t, x: Ul)
=J J [o1 = valor(loy = val, DAt x, w)S (4, X, v2)

—f(ta X, vl)f(t: X, UZ)] a0 d3v2 (1)
where o is the differential cross section, {} is the direction of scattering, F
is an external force field, and v, and v, are precollisional velocities:
01(01, 12, Q) = (v + vy +| v, — 1,|2)/2
v3(vy, 0, Q)= (v, + 02“|U1 - UzIQ)/z
The Boltzmann equation becomes linear if we express it in terms of g =f®
£, fe X, where we can take X = W"'(R,; W"'(R?>x R?)), or X =some other

dense subspace of L*(R,; L'(R*X R?)), ge X®X.
Define Il by

3. 43
(HGg)(t’x7v)=J‘J’g(t’xav507y,u)dyd u
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(since we are dealing with probability density functions, zero in the integrand
can be replaced by any real number s). I, is linear and for nonnegative
functions of the form f®f with unit L' norm with respect to the last two
variables, it happens to coincide with the square root in the sense of tensor
product (i.e., its value on f®&f is f).

In terms of g, the Boltzmann equation becomes linear:

{9/at (Tlsg) + v, - V. (Ilsg)
+1/mF(x)'[Vv(Hsg)]}(t, x, v) = Lg)(t, x, v) (2)

where
(Lg)(t7 X, Ul) = J- J |vl - UZ]O-(!UI - U2|a Q)[g(t’ X, U, ta X, Ué)

—g(t, x, v 1, x, v,)] dQ d’v,

[ Note that IT, commutes with all the operators on the left side of (2).]
Denoting

(Aog)(t, x, v) = (Lg)(t, x, v) —v- [V.(Ileg)1(1, x, v) =1/ m F(x)
: [VU(HGg)](ta X, U)

and using the fact that I1; commutes with §/9¢, we obtain the following
form of the Boltzmann equation:

Ie(o/0t g) = Aog (3)

Because of the assumptions made about the form of g and about f(¢,-,-)
we need to consider the above equation together with the constraints

(Ieg) (1, x, v) = (M°g)(1, x, v) (4)
(*II;,g)=1 forall s and ¢ (5)
gt,x,v,5,v,u)=0 (6)

where

(I1°g)(1, x, v) = J’ J g(0,y,u,t,x,v) d’yd’u

("I,»g) =J j J I g, x,v,5,y,u)d’xd’vd’yd’u
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Constraint (4) can be incorporated into the equation. Constraint (5) is the
normalization condition and, since equation (2) is linear, it can be taken
into account by normalizing a solution satisfying (6). Let

A, 0 11,8/t 0] [g]
A= B,= G=
[0 H6~Ik]’ 0 [ 0 0 g

Then (3) and (4) give

B,G=AG (7)
which is equivalent to
Bs3/stG=AG
where
I, o
B= 1
[ 0 0] (18)

It is not necessary to take g equal to the full tensor product f&® £ Defining
g(t,x,v,y,u)=f(t,x,v) - f(t,y,u) would suffice, but the analog of Il
namely the integral operator | | d*y du, not involving evaluation at 0) might
not commute with 8/3¢t if continuity of 3f/at is not uniform in position and
velocity. '
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